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The possibility of plane wave propagation in a micropolar ﬂuid of inﬁnite extent has been explored. The reﬂection and
transmission of longitudinal elastic wave at a plane interface between a homogeneous micropolar ﬂuid half-space and a
micropolar solid half-space has also been investigated. It is found that there can exist four plane waves propagating with
distinct phase speeds in an inﬁnite micropolar ﬂuid. All the four waves are found to be dispersive and attenuated. The
reﬂection and transmission coeﬃcients are found to be the functions of the angle of incidence, the elastic properties of
the half-spaces and the frequency of the incident wave. The expressions of energy ratios have also been obtained in explicit
form. Frequency equation for the Stoneley wave at micropolar solid/ﬂuid interface has also been derived in the form of
sixth-order determinantal expression, which is found in full agreement with the corresponding result of inviscid liquid/elas-
tic solid interface. Numerical computations have been performed for a speciﬁc model. The dispersion curves and attenu-
ation of the existed waves in micropolar ﬂuid have been computed and depicted graphically. The variations of various
amplitudes and energy ratios are also shown against the angle of incidence. Results of some earlier workers have been
deduced from the present formulation.
 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Under the assumption of continuum hypothesis of an elastic body, the classical theory of elasticity is based
on linear stress–strain law (Hooke’s law). In this theory, the transmission of load across a surface element of an
elastic body is described by a force stress (force per unit area) and the motion is characterized by translational
degrees of freedom only. For materials possessing granular structure, it is found that the classical theory of elas-
ticity is inadequate to represent the complete deformation. Certain discrepancies are observed between the
results obtained experimentally and theoretically, particularly, in dynamical problems of waves and vibrations
involving high frequencies. This discrepancy was viewed in terms of signiﬁcance of body microstructure. Coss-
erat and Cosserat (1909) was the ﬁrst who gave importance to the microstructure of a granular body and incor-
porated a local rotation of points, in addition to the translation assumed in classical theory of elasticity.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.07.015
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known as ‘Cosserat theory’ after their names. This theory was in dormant for so many years and did not get
suﬃcient attention. Mindlin (1964) presented a linear theory of a three-dimensional continuum having the
properties of a crystal lattice, including the idea of unit cell. Assuming that a micro volume is embedded in each
particle, the kinetic and potential energies and variational equation are obtained using Hamilton’s principle.
The displacement equation of motion for isotropic and homogeneous medium is also given on the basis of con-
stitutive law. He also investigated the micro-vibrations and recovered the Cosserat’s couple stress theory. A
solution is presented in the case of concentrated force for the approximate equations of equilibrium. Later,
Eringen (1966b) incorporated micro-inertia and renamed the ‘Cosserat elasticity’ as the ‘Micropolar elasticity’.
The linear theory of micropolar elasticity developed by Eringen (1966b) is basically an extension of the clas-
sical theory of elasticity. In this theory, the load across a surface element is transmitted not only by a force
stress vector but also by a couple stress vector and the motion is characterized by six-degrees of freedom
(three-translational and three-rotational). Physically speaking, micropolar elastic solids can be thought of
as being composed of dumb-bell type molecules and these molecules in a volume element can undergo rotation
about their center of mass along with the linear displacement. Many problems of reﬂection and refraction of
micropolar elastic waves at a plane interface have been studied by several researchers in the past including
Parﬁtt and Eringen (1969), Tomar and his co-workers (1995a,b, 1999, 2001, 2005) among several others. A
historical development of theory of micropolar elasticity is given in a recent monograph of Eringen (1999).
The theory of micro-ﬂuids introduced by Eringen (1966a) deals with a class of ﬂuids which exhibits certain
microscopic eﬀects arising from the local structure and the micro-motions of the ﬂuid elements. A subclass of
these ﬂuids is micropolar ﬂuid, which has the microrotational eﬀects and microrotational inertia (see Eringen,
1964). Micropolar ﬂuids can support couple stress, the body couples, the asymmetric stress tensor and pos-
sesses a rotational ﬁeld, which is independent of the velocity of the ﬂuid. A large class of ﬂuids such as aniso-
tropic ﬂuids, liquid crystals with rigid molecules, magnetic ﬂuids, cloud with dust, muddy ﬂuids, biological
ﬂuids, dirty ﬂuids (dusty air, snow) over airfoil can be modelled more realistically as micropolar ﬂuids.
In this paper, we have investigated the possibility of plane wave propagation in an inﬁnite micropolar ﬂuid.
Four waves are found to propagate with diﬀerent phase velocities. All these waves are found to be dispersive
and attenuated. Reﬂection and transmission phenomena of a plane longitudinal displacement wave at a plane
interface between a micropolar solid half-space and a micropolar ﬂuid half-space has been studied in two
cases: (i) when the wave is made incident after propagating through the micropolar solid half-space, (ii) when
the wave is made incident after propagating through the micropolar ﬂuid half-space. The formulae of ampli-
tude ratios (reﬂection and transmission coeﬃcients) and energy ratios of various reﬂected and and transmitted
waves are presented. Their variations against the angle of incidence are computed numerically and depicted
graphically for a particular model. The real and imaginary parts of the phase velocities of existed waves in
a micropolar ﬂuid have also been presented graphically. The frequency equation for Stoneley waves at an
interface between a micropolar solid half-space and a micropolar ﬂuid half-space has also been derived.
The application of the present model can not be ruled out in the physical world. This model may be simulated
to some geophysical situations. The valuable materials, e.g., oils and ﬂuid like materials are present inside the
earth in crude form and the rocks/material present inside the earth may be granular in nature. The crude ﬂuids
and the granular rocks may be best approximated with micropolar theory of elasticity. A situation having
these rocks underlying the muddy ﬂuid, e.g., crude oils, liquid crystals with rigid molecules, bubbly liquid
may be simulated with the present model.2. Field equations and relations
Following Eringen (1966a,b), the equations of motion, in the absence of body force density and body cou-
ple density, are given by
For micropolar ﬂuid medium,ðc21f þ c23fÞrðr  _ufÞ  ðc22f þ c23fÞr  ðr  _ufÞ þ c23fr _Uf ¼ €uf ; ð1Þ
ðc24f þ c25fÞrðr  _UfÞ  c25fr ðr  _UfÞ þ c26fðr  _uf  2 _UfÞ ¼ €Uf ; ð2Þ
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ðc24s þ c25sÞrðr UsÞ  c25sr ðr UsÞ þ c26sðr  us  2UsÞ ¼ €Us; ð4Þwhere, c21r ¼ ðkr þ 2lrÞ=qr; c22r ¼ lr=qr; c23r ¼ Kr=qr; c24r ¼ ðar þ brÞ=qrjr; c25r ¼ cr=qrjr; c26r ¼ c23r=jr, qr is the
density of the medium, jr is the micro-inertia and ur and Ur are, respectively, the displacement and microro-
tation vectors for the micropolar elastic half-spaces. Here, the quantity having superscript r corresponds to the
ﬂuid and solid medium when r = f and r = s, respectively. kf, lf and Kf are the ﬂuid viscosity coeﬃcients and
af, bf and cf are the ﬂuid viscosity coeﬃcients responsible for gyrational dissipation of the micropolar ﬂuid, ks
and ls are Lame’s constant and Ks, as, bs and cs are the micropolar elastic constants for the micropolar elastic
solid half-space. The dimensions of the quantities c24r and c
2
5r are cm
2/s, while the dimension of the quantity c26r
is s1.
The constitutive relations are given by:
For micropolar ﬂuid medium,sfkl ¼ kf _ufr;rdkl þ lfð _ufk;l þ _ufl;kÞ þ K fð _ufl;k  eklp _/fpÞ; ð5Þ
mfkl ¼ af _/fr;rdkl þ bf _/fk;l þ cf _/fl;k: ð6ÞFor micropolar solid medium,sskl ¼ ksusr;rdkl þ lsðusk;l þ usl;kÞ þ Ksðusl;k  eklp/spÞ; ð7Þ
mskl ¼ as/sr;rdkl þ bs/sk;l þ cs/sl;k; ð8Þwhere srkl is the force stress tensor, m
r
kl is the couple stress tensor, the ‘‘comma’’ in the subscript denotes the
spatial derivative, dkl and eklp are Kronecker delta and the alternating tensors respectively. Other symbols have
their usual meanings.
Using Helmholtz theorem, we can writeur
Ur
 
¼ r A
r
Cr
 
þr B
r
Dr
 
; r  B
r
Dr
 
¼ 0 ðr ¼ f ; sÞ; ð9Þwhere Ar and Cr are the scalar potentials, while Br and Dr are the vector potentials. Plugging (9) into Eqs. (1)
and (2), we obtain1Af ¼ 0; 2Cf ¼ 0; ð10Þ
ðc22f þ c23fÞr2 _Bf þ c23fr _Df ¼ €Bf ; ð11Þ
c25fr2 _Df þ c26fr _Bf  2c26f _Df ¼ €Df ; ð12Þwhere 1 ¼ ðc21f þ c23fÞr2  oot
 
o
ot and 2 ¼ ðc24f þ c25fÞr2  2c26f  oot
 
o
ot :
It can be seen that Eqs. (10)1 and (10)2 are un-coupled in scalar potentials A
f and Cf, while Eqs. (11) and
(12) are coupled in vector potentials Bf and Df.
3. Plane waves in a micropolar ﬂuid
Consider the following form of a plane wave propagating in the positive direction of a unit vector n asfAr;Cr;Br;Drg ¼ far; cr; br; drg expfıkðn  r VtÞg; ð13Þ
where ar, cr, br and dr are constants, rð¼ x^iþ yj^þ zk^Þ is the position vector, V is the phase velocity in the direc-
tion of n, k(=x/V) is the wavenumber, x being the angular frequency. Substituting (13) into Eq. (10), we ob-
tain two wave velocities denoted by Vf1 and Vf4 and given byV 2f1 ¼ ıxðc21f þ c23fÞ; V 2f4 ¼
ıx2ðc24f þ c25fÞ
ðxþ 2ıc26fÞ
:
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1
2a0
b0 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b02  4a0c0
ph i
;where a0 ¼ xþ 2ıc26f ; b0 ¼ x ıxc25f þ ı c22f þ c23f
 
xþ 2ıc26f
 þ c23fc26f  and c0 ¼ x3c25f c22f þ c23f :
It can be seen that these velocities are complex and dispersive in nature. Using (13) into (9), it can
be seen that uf and /f are parallel to n, which means that the waves associated with the velocities Vf1
and Vf4 are longitudinal in nature. It is easy to see that the waves associated with the velocities Vf2
and Vf3 are transverse in nature. Note that at x = 0, all these four velocities vanish. Since the vector
potentials Bf and Df are coupled to each other, therefore, the waves with velocities Vf2 and Vf3 are
coupled waves similar to the coupled waves encountered in micropolar elastic solid (see Parﬁtt and
Eringen, 1969). The waves propagating with velocities Vf1 and Vf4 respectively are analogous to the
longitudinal displacement wave and the longitudinal microrotational wave encountered in micropolar
elastic solid.
Parﬁtt and Eringen (1969) have already shown that there exist four waves in an inﬁnite micropolar elastic
solid medium propagating with distinct phase velocities. These are (i) an independent longitudinal displace-
ment wave propagating with velocity Vs1 given by V
2
s1 ¼ c21s þ c23s, and (ii) two sets of coupled waves, each con-
sists of a transverse displacement wave and a transverse microrotational wave perpendicular to it, propagating
with phase velocities Vs2 and Vs3 given byV 2s2;s3 ¼
1
2a
b ðb2  4acÞ1=2
h i
;where a ¼ 1 2x20=x2; b ¼ c22s þ c23s þ c25s  2c22s þ c23s
 
x20=x
2; c ¼ c25s c22s þ c23s
 
; x20 ¼ c26s and (iii) an indepen-
dent longitudinal microrotational wave propagating with velocity Vs4 given by
V 2s4 ¼ c24s þ c25s
 
1 2x20=x2
 1
. They have also shown that the waves propagating with velocities Vs2 and
Vs4 can propagate in a micropolar elastic solid only if x >
ﬃﬃﬃ
2
p
x0; otherwise they degenerate into distance
decaying sinusoidal vibrations. Note that no such cut-oﬀ frequency occur in case of waves propagating with
phase velocities Vf2 and Vf4.
4. Reﬂection and transmission of longitudinal wave
Introducing the Cartesian coordinates x, y and z such that x–y plane (z = 0) lies along the interface between
a micropolar solid half-space (M1) and a micropolar ﬂuid half-space (M2). The z-axis is taken perpendicular to
the interface and pointing downward into the mediumM1. We shall consider a two-dimensional problem in x–
z plane, so that the followings are the displacement and microrotational vectors in micropolar elastic solid and
in micropolar ﬂuid:ur ¼ ur1ðx; zÞ; 0; ur3ðx; zÞ
 
; Ur ¼ 0;Ur2ðx; zÞ; 0
  ðr ¼ f ; sÞ: ð14Þ4.1. Case I: Incidence from the solid half-space
Let a plane longitudinal wave with phase velocity Vs1 propagating through the micropolar solid medium
M1 be striking at the interface z = 0 and making an angle h0 with the normal. To satisfy the boundary con-
ditions at the interface, we postulate that the incident wave will give rise to the following reﬂected and
refracted waves:
(a) a reﬂected longitudinal displacement wave in medium M1 traveling with velocity Vs1 and making an
angle h1 with the normal;
(b) two sets of reﬂected coupled waves in medium M1 traveling with speeds Vs2 and V3s and making angles
h2 and h3 with the normal, respectively;
(c) a refracted longitudinal displacement wave in medium M2 traveling with velocity Vf1 and making an
angle h01 with the normal;
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h02 and h
0
3 with the normal, respectively.
We take the following form of potentials in the two half-spaces:
In the half-space M1:As;Bs2;/
s
2
	 
 ¼ A0 exp ðv0Þ þ A1 exp ðv1Þ;X3
l¼2
Al exp ðvlÞ;
X3
i¼2
glAl exp ðvlÞ
( )
ð15Þand in the half-space M2:Af ;Bf2;/
f
2
	 
 ¼ A01 exp ðv01Þ;X3
l¼2
A0l exp ðv0lÞ;
X3
l¼2
g0lA
0
l exp ðv0lÞ
( )
; ð16Þwhere v0 ¼ ık1ðsin h0x cos h0zÞ  ıx1t; vi ¼ ıkiðsin hixþ cos hizÞ  ıxit and v0i ¼ ık0iðsin h0ix cos h0izÞ
ıx0it; ði ¼ 1; 2; 3Þ, A0 – amplitude of the incident longitudinal displacement wave, A1 – amplitude of the re-
ﬂected longitudinal displacement wave, A2 – amplitude of the reﬂected coupled wave at an angle h2, A3 –
amplitude of the reﬂected couple wave at an angle h3, A
0
1 – amplitude of the refracted longitudinal displace-
ment wave, A02 – amplitude of the refracted couple wave at an angle h
0
2 and A
0
3 – amplitude of the refracted
couple wave at an angle h03. The coupling parameters g2,3 and g
0
2;3 are given byg2;3 ¼ c26s V 2s2;s3  2
c26s
k22;3
 c25s
" #1
; g02;3 ¼ ıc26f
V f2;f3
k02;3
þ 2 ıc
2
6f
k022;3
þ ıc25f
" #1
:The appropriate boundary conditions to be satisﬁed at the interface z = 0, are the continuity of force stress,
couple stress, displacement and microrotation. Mathematically, these boundary conditions can be written as:
At z = 0,sszz ¼ sfzz; sszx ¼ sfzx; mszy ¼ mfzy ; us1 ¼ uf1; us3 ¼ uf3; /s2 ¼ /f2: ð17ÞEmploying the Snell’s law given bysin h0
V s1
¼ sin h1
V s1
¼ sin h2
V s2
¼ sin h3
V s3
¼ sin h
0
1
V f1
¼ sin h
0
2
V f2
¼ sin h
0
3
V f3
;assuming that all frequencies are equal at the interface and making use of (5)–(9) and (14)–(16) into the bound-
ary conditions given in (17), we obtain six homogeneous equations (see Appendix A). These six equations can
be written in a matrix form asPZ ¼ Q; ð18Þ
where P ¼ ½aij66; Z ¼ ½Z1 Z2 Z3 Z 01 Z 02 Z 03t and Q = [1 1 0 1 1 0]t. The entries of the matrix P in non-dimen-
sional form are given bya11 ¼ 1; a12 ¼  V s1V s2
ð2ls þ KsÞ sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
s1
sin2 h0
r
½ks þ ð2ls þ KsÞ cos2 h0 ;
a13 ¼  V s1V s3
ð2ls þ KsÞ sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s3
V 2
s1
sin2 h0
r
½ks þ ð2ls þ KsÞ cos2 h0 ;
a14 ¼  V
2
s1
V 2f1
ıx kf þ ð2lf þ K fÞ 1 V 2f1
V 2
s1
sin2 h0
 h i
½ks þ ð2ls þ KsÞ cos2 h0 ;
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ıxð2lf þ K fÞ sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f2
V 2
s1
sin2 h0
r
½ks þ ð2ls þ KsÞ cos2 h0 ;
a16 ¼ V s1V f3
ıxð2lf þ K fÞ sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f3
V 2
s1
sin2 h0
r
½ks þ ð2ls þ KsÞ cos2 h0 ;
a21 ¼ 1; a22 ¼ V
2
s1
V 2s2
ls 1 2 V 2s2
V 2
s1
sin2 h0
 
þ Ks 1 V 2s2
V 2
s1
sin2 h0
 
 Ksg2
k2
2
h i
ð2ls þ KsÞ sin h0 cos h0 ;
a23 ¼ V
2
s1
V 2s3
ls 1 2 V 2s3
V 2
s1
sin2 h0
 
þ Ks 1 V 2s3
V 2
s1
sin2 h0
 
 Ksg3
k2
3
h i
ð2ls þ KsÞ sin h0 cos h0 ;
a24 ¼ ı V s1V f1
xð2lf þ K fÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f1
V 2
s1
sin2 h0
r
ð2ls þ KsÞ cos h0 ;
a25 ¼ ıx V
2
s1
V 2f2
lf 1 2 V 2f2
V 2
s1
sin2 h0
 
þ K f 1 V 2f2
V 2
s1
sin2 h0
 
 Kfg02
k022
h i
ð2ls þ KsÞ sin h0 cos h0 ;
a26 ¼ ıx V
2
s1
V 2f3
lf 1 2 V 2f3
V 2
s1
sin2 h0
 
þ K f 1 V 2f3
V 2
s1
sin2 h0
 
 Kfg03
k02
3
h i
ð2ls þ KsÞ sin h0 cos h0 ;
a31 ¼ 0; a32 ¼ 1; a33 ¼ g3g2
V s2
V s3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s3
V 2
s1
sin2 h0
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
s1
sin2 h0
r ; a34 ¼ 0;
a35 ¼ ıxc
f
cs
g02
g2
V s2
V f2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f2
V 2
s1
sin2 h0
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
s1
sin2 h0
r ; a36 ¼ ıxcfcs g
0
3
g2
V s2
V f3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f3
V 2
s1
sin2 h0
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
s1
sin2 h0
r ;
a41 ¼ 1; a42 ¼  V s1V s2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
s1
sin2 h0
r
sin h0
; a43 ¼  V s1V s3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s3
V 2
s1
sin2 h0
r
sin h0
;
a44 ¼ 1; a45 ¼  V s1V f2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f2
V 2
s1
sin2 h0
r
sin h0
; a46 ¼  V s1V f3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f3
V 2
s1
sin2 h0
r
sin h0
;
a51 ¼ 1; a52 ¼ tan h0; a53 ¼ tan h0;
a54 ¼ V s1V f1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f1
V 2
s1
sin2 h0
r
cos h0
; a55 ¼ a56 ¼  tan h0; a61 ¼ 0; a62 ¼ 1;
a63 ¼ g3g2
; a64 ¼ 0; a65 ¼ g
0
2
g2
; a66 ¼ g
0
3
g2and the elements of the matrix Z are given byZ1 ¼ A1=A0; Z2 ¼ A2=A0; Z3 ¼ A3=A0; Z 01 ¼ A01=A0; Z 02 ¼ A02=A0; Z 03 ¼ A03=A0;
where Z1, Z2 and Z3 are the amplitude ratios for the reﬂected longitudinal displacement wave at an angle h1,
reﬂected coupled wave at an angle h2 and reﬂected coupled wave at an angle h3, respectively, Z
0
1; Z
0
2 and Z
0
3 are
the amplitude ratios for the refracted longitudinal displacement wave at an angle h01, refracted coupled wave at
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0
3, respectively. The matrix Eq. (18) is enable to provide
the amplitude ratios of various reﬂected and refracted waves in the corresponding problem.4.2. Case II: Incidence from the ﬂuid half-space
A similar treatment can be made when a longitudinal displacement wave with amplitude A00 propagating
with phase velocity Vf1 through the micropolar ﬂuid medium M2 strikes the interface z = 0 making an angle
h00 with the normal. Here, the boundary conditions will be the same as considered in Case I. Adopting the same
procedure, one can arrive at a matrix equation similar to (18) given byMR ¼ S; ð19Þwhere M = [aij]6·6. The non-dimensional elements of matrix M, in this case, are given bya11 ¼ ıV
2
f1
V 2s1
ks þ ð2ls þ KsÞ 1 V 2s1
V 2
f1
sin2 h00
 h i
x½kf þ ð2lf þ K fÞ cos2 h00
;
a12 ¼ ıV f1V s2
ð2ls þ KsÞ sin h00
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
f1
sin2 h00
r
x½kf þ ð2lf þ K fÞ cos2 h00
;
a13 ¼ ıV f1V s3
ð2ls þ KsÞ sin h00
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s3
V 2
f1
sin2 h00
r
x½kf þ ð2lf þ K fÞ cos2 h00
;
a14 ¼ 1; a15 ¼
V f1ð2lf þ K fÞ sin h00
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f2
V 2
f1
sin2 h00
r
V f2½kf þ ð2lf þ K fÞ cos2 h00
;
a16 ¼
V f1ð2lf þ K fÞ sin h00
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f3
V 2
f1
sin2 h00
r
V f3ðkf þ ð2lf þ K fÞ cos2 h00Þ
;
a21 ¼
ıV f1ð2ls þ KsÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s1
V 2
f1
sin2 h00
r
ð2lf þ K fÞV s1x cos h00
;
a22 ¼ ıV
2
f1
V 2s2
ls 1 2 V 2s2
V 2
f1
sin2 h00
 
þ Ks 1 V 2s2
V 2
f1
sin2 h00
 
 Ksg2
k2
2
h i
ð2lf þ K fÞx sin h00 cos h00
;
a23 ¼ ıV
2
f1
V 2s3
ls 1 2 V 2s3
V 2
f1
sin2 h00
 
þ Ks 1 V 2s3
V 2
f1
sin2 h00
 
 Ksg3
k2
3
h i
ð2lf þ K fÞx sin h00 cos h00
; a24 ¼ 1;
a25 ¼ V
2
f1
V 2f2
lf 1 2 V 2f2
V 2
f1
sin2 h00
 
þ K f 1 V 2f2
V 2
f1
sin2 h00
 
 Kfg02
k02
2
h i
ð2lf þ K fÞ sin h00 cos h00
;
a26 ¼ V
2
f1
V 2f3
lf 1 2 V 2f3
V 2
f1
sin2 h00
 
þ K f 1 V 2f3
V 2
f1
sin2 h00
 
 Kfg03
k023
h i
ð2lf þ K fÞ sin h00 cos h00
;
a31 ¼ 0; a32 ¼ 1; a33 ¼
g3V s2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s3
V 2
f1
sin2 h00
r
g2V s3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
f1
sin2 h00
r ; a34 ¼ 0;
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V s2cfg02x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f2
V 2
f1
sin2 h00
r
g2V f2cs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
f1
sin2 h00
r ; a36 ¼ V s2c
fg03x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f3
V 2
f1
sin2 h00
r
g2V f3cs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
f1
sin2 h00
r ;
a41 ¼ 1; a42 ¼
V f1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s2
V 2
f1
sin2 h00
r
V s2 sin h
0
0
; a43 ¼
V f1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s3
V 2
f1
sin2 h00
r
V s3 sin h
0
0
;
a44 ¼ 1; a45 ¼
V f1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f2
V 2
f1
sin2 h00
r
V f2 sin h
0
0
; a46 ¼
V f1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2f3
V 2
f1
sin2 h00
r
V f3 sin h
0
0
;
a51 ¼
V f1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V 2s1
V 2
f1
sin2 h00
r
V s1 cos h
0
0
; a52 ¼ tan h00; a53 ¼ tan h00; a54 ¼ 1;
a55 ¼  tan h00; a56 ¼  tan h00; a61 ¼ 0; a62 ¼ 1; a63 ¼
g3
g2
;
a64 ¼ 0; a65 ¼ g
0
2
g2
; a66 ¼ g
0
3
g2
;S ¼ ½1 1 0 1 1 0 t and the elements of the matrix R are given by
R1 ¼ A1=A00; R2 ¼ A2=A00; R3 ¼ A3=A00; R01 ¼ A01=A00; R02 ¼ A02=A00; R03 ¼ A03=A00:Here Ri (i = 1,2,3) are the amplitude ratios corresponding to the refracted longitudinal displacement wave at
an angle h1, refracted coupled waves at angles h2 and h3, respectively, and R
0
i ði ¼ 1; 2; 3Þ are the amplitude
ratios for the reﬂected longitudinal displacement wave at an angle h01, reﬂected coupled waves at angles h
0
2
and h03, respectively.5. Energy partitioning
We shall now consider the partitioning of incident energy between diﬀerent reﬂected and refracted waves at
the surface element of unit area. Following Achenbach (1973), the instantaneous rate of work of surface trac-
tion is the scalar product of the surface traction and the particle velocity. This scalar product is called the
power per unit area, denoted by P*, and represents the rate at which the energy is transmitted per unit area
of the surface, i.e., the energy ﬂux across the surface element. The time average of P* over a period, denoted by
hP*i, represents the average energy transmission per unit surface area per unit time. For the cases considered
above, the rate of energy transmission at the free surface z = 0 is given by: In the Case I,P  ¼
X
r¼s;f
srzz _u
r
3 þ srzx _ur1 þ mrzy _/r2; ð20Þwhere superposed dot represents the temporal derivative. The real part of hP*i gives the time averaged inten-
sity vector and imaginary part equal to the amplitude of the reactive intensity. We shall now calculate P* for
the incident and each of the reﬂected waves using the appropriate potentials and hence obtain the energy ratios
giving the time rate of average energy transmission for the respective wave to that of the incident wave. The
expressions for these energy ratios Ei (i = 1, . . ., 6) for the reﬂected and refracted waves are given byEi ¼ hP i i=hP 0i; ði ¼ 1; . . . ; 6Þ; ð21Þwhere
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1
2
ðks þ 2ls þ KsÞ cos h0x1k31A20 expfık1 sin h0xg;
hP 1i ¼ 
1
2
ðks þ 2ls þ KsÞ cos h1x1k31A21 expfık1 sin h1xg;
hP 2i ¼ 
1
2
ls þ Ksð Þ  g2
k22
Ks þ csg2ð Þ
" #
cos h2x2k
3
2A
2
2 expfık2 sin h2xg;
hP 3i ¼ 
1
2
ls þ Ksð Þ  g3
k23
Ks þ csg3ð Þ
" #
cos h3x3k
3
3A
2
3 expfık3 sin h3xg;
hP 4i ¼ 
ı
2
kf þ 2lf þ K f  cos h01x021 k031 A021 expfık01 sin h01xg;
hP 5i ¼ 
ı
2
lf þ K f  g02
k022
K f þ cfg02
 " #
cos h02x
02
2 k
03
2 A
02
2 expfık02 sin h02xg;
hP 6i ¼ 
ı
2
lf þ K f  g03
k023
K f þ cfg03
 " #
cos h03x
02
3 k
03
3 A
02
3 expfık03 sin h03xg:Similarly, for the Case II, using Eq. (20), the expressions for hP i i are the same as given above except the
expression of hP 0i, which is given byhP 0i ¼
ı
2
kf þ 2lf þ K f x021 k031 cos h00A020 expfık01 sin h00xg:6. Dispersion relation of Stoneley waves
The possible existence of waves (similar to surface waves) propagating along the plane interface
between two distinct uniform elastic solid half-spaces in perfect contact was investigated by Stoneley
(1924). Since then these waves are known as Stoneley waves. Stoneley waves can propagate along the
interface between either two solid media or a solid medium and a liquid medium. Tajuddin (1995) dis-
cussed the existence of Stoneley waves at an unbonded interface between two micropolar elastic half-
spaces. Recently Tomar and Singh (2006) discussed the propagation of Stoneley waves at an interface
between two microstretch elastic half-spaces.
To obtain the dispersion equation for Stoneley waves at the interface between a micropolar solid half-space
and a micropolar ﬂuid half-space, we shall take the following potentials satisfying the radiation conditions in
the two half-spaces. In the lower half-space M1,Ls;M s;/s2
	 
 ¼ fA exp ðSszÞ;B exp ðP szÞ þ E exp ðQszÞ; csB exp ðP szÞ þ dsE exp ðQszÞg
 expfıðkx xtÞg ð22Þand in the upper half-space M2,Lf ;M f ;/f2
	 
 ¼ A0 exp ðSfzÞ;B0 exp ðP fzÞ þ E0 exp ðQfzÞ; cfB0 exp ðP fzÞ þ d fE0 exp ðQfzÞ	 
 expfıðkx xtÞg;
ð23ÞwhereSs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  q
sx2
ks þ 2ls þ Ks
s
; Sf ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  ıq
fx
kf þ 2lf þ K f
s
;
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2
qsjsx2  2Ks
cs
þ c
sqsx2 þ Ks2
csðls þ KsÞ
 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qsjsx2  2Ks
cs
þ c
sqsx2 þ Ks2
csðls þ KsÞ
 2
 4 q
sx2ðqsjsx2  2KsÞ
csðls þ KsÞ
#vuut ;
P f2; Qf2 ¼ k2  1
2
ıqfjfx 2K f
cf
þ ıc
fqfxþ K f2
cfðlf þ K fÞ
 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ıqfjfx 2K f
cf
þ ıc
fqfxþ K f2
cfðlf þ K fÞ
 2
þ 4 q
fxK f
cfðlf þ K fÞ 2ıþ
xqfjf
K f
 #vuut ;
cs ¼ fðls þ KsÞðk2 þ P s2Þ þ qsx2g=Ks; ds ¼ fðls þ KsÞðk2 þ Qs2Þ þ qsx2g=Ks;
cf ¼ fðlf þ K fÞðk2 þ P f2Þ þ ıqfxg=K f ; d f ¼ fðlf þ K fÞðk2 þ Qf2Þ þ ıqfxg=K f ;Using Helmholtz decomposition of a vector, the x- and z-components of displacements denoted by ur1 and u
r
3
in the solid and ﬂuid half-spaces are related to the above potentials, through the following relations:ur1 ¼
oLr
ox
þ oM
r
oz
; ur3 ¼
oLr
oz
 oM
r
ox
; ðr ¼ s; fÞ:Substituting these values into the boundary conditions for bonded interface given in (17), we obtain six homo-
geneous equations in six unknowns namely A, B, E, A 0, B 0 and E 0. The condition for non-trivial solutions of
these equations would give the dispersion equation for the propagation of Stoneley waves. The required con-
ditions is that the determinant of the coeﬃcient matrix [bij] (say) must vanish.b11 b12 b13 b14 b15 b16
b21 b22 b23 b24 b25 b26
ık P s Qs ık P f Qf
Ss ık ık Sf ık ık
0 cs ds 0 cf d f
0 csP scs csQsds 0 ıxcfP fcf ıxcfQfd f


¼ 0; ð24Þwhereb11 ¼ ½k2ks þ ðks þ 2ls þ KsÞSs2; b12 ¼ ½ıkP sð2ls þ KsÞ; b13 ¼ ½ıkð2ls þ KsÞQs;
b14 ¼ ıx½k2kf þ ðkf þ 2lf þ K fÞSf2; b15 ¼ ½xkP fð2lf þ K fÞ; b16 ¼ ½xkQfð2lf þ K fÞ;
b21 ¼ ½ıkSsð2ls þ KsÞ; b22 ¼ ½lsk2 þ ðls þ KsÞP s2  Kscs; b23 ¼ ½lsk2 þ ðls þ KsÞQs2  Ksds;
b24 ¼ ½xkSfð2lf þ K fÞ; b25 ¼ ıx½lfk2 þ ðlf þ K fÞP f2  K fcf ; b26 ¼ ıx½lfk2 þ ðlf þ K fÞQf2  K fd f :We note that the frequency equation is an implicit function of the phase velocity and the wavenumber and
involves complex quantities. Therefore, it is expected that the Stoneley waves are dispersive and attenuated.
This equation also depend on the ﬂuid viscosity coeﬃcients and elastic properties of the solid half-space.
The eﬀect of these parameters on the dispersion curves have been noticed numerically.7. Limiting cases
(I) To discuss the reﬂection and transmission of longitudinal displacement wave when propagating through
the micropolar solid half-space is made incident at micropolar solid/viscous ﬂuid interface, the formulae for
the reﬂection and transmission coeﬃcients are obtained from Eqs. (26)–(31) of Appendix A by putting g = lf
and K 0 ¼ kf þ 2
3
lf
 
o
ot. We see that Eqs. (28) and (31) reduce to a single equation given byg2k2 cos h2A2 þ g3k3 cos h3A3 ¼ 0
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V s2
V s1
sin h0

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V
2
s2
V 2s1
sin2 h0
s
A2  2ls þ Ksð Þk23
V s3
V s1
sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V
2
s3
V 2s1
sin2 h0
s
A3
 ıxk021 kf þ 2lf 1
V 2f1
V 2s1
sin2 h0
  
A01 þ 2ılfxk023
V f3
V s1
sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V
2
f3
V 2s1
sin2 h0
s
A03 ¼ 0;
2ls þ Ksð Þk21 sin h0 cos h0A0  2ls þ Ksð Þk21 sin h cos hA1 þ lsk22 1 2
V 2s2
V 2s1
sin2 h0
 
þKsk22 1
V 2s2
V 2s1
sin2 h0
 
 Ksg2

A2 þ lsk23 1 2
V 2s3
V 2s1
sin2 h0
 
þ Ksk23 1
V 2s3
V 2s1
sin2 h0
 
 Ksg3
 
A3
þ 2lf ık021 x sin h0
V f1
V s1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 V
2
f1
V 2s1
sin2 h0
s
A01 þ ılfxk023 1 2
V 2f3
V 2s1
sin2 h0
  
A03 ¼ 0;
k1 sin h0A0 þ k1 sin h1A1  k2 cos h2A2  k3 cos h3A3  k01 sin h01A1  k03 cos h03A03 ¼ 0;
 k1 cos h0A0 þ k1 cos h1A1 þ k2 sin h3A3 þ k01 cos h01A01  k03 sin h03A03 ¼ 0;where now V 2f1 ¼ ıxc21f , Vf2 = 0 and V 2f3 ¼ ıxc22f . These equations match with those obtained by Kumar
and Tomar (2001) for the relevant problem.
(II) To obtain the reﬂection and transmission coeﬃcients of longitudinal displacement wave at micropolar
solid/solid interface, we replace the quantities ıxkf by k 0, ıxlf by l 0, ıxK f by K 0, ıxcf by c 0, ıxaf by a 0
and ıxbf by b 0. The six homogeneous Eqs. (26)–(31) reduce toðks þ ð2ls þ KsÞ cos2 h0Þk21A0 þ ðks þ ð2ls þ KsÞ cos2 h1Þk21A1 þ ð2ls þ KsÞk22 sin h2 cos h2A2
þ ð2ls þ KsÞk23 sin h3 cos h3A3  ðk0 þ ð2l0 þ K 0Þ cos2 h01Þk021 A01 þ ð2l0 þ K 0Þk022 sin h02 cos h02A02
þ ð2l0 þ K 0Þk023 sin h03 cos h03A03 ¼ 0;
ð2ls þ KsÞ sin h0 cos h0k21A0  ð2ls þ KsÞ sin h0 cos h0k21A1 þ ls cos 2h2 þ Ks cos2 h2 
Ksg2
k22
" #
k22A2
þ ls cos 2h3 þ Ks cos2 h3  K
sg3
k23
" #
k23A3  ð2l0 þ K 0Þ sin h01 cos h01k021 A01
 l0 cos 2h02 þ K 0 cos2 h02 
K 0g02
k022
" #
k022 A
0
2  l0 cos 2h03 þ K 0 cos2 h03 
K 0g03
k023
" #
k023 A
0
3 ¼ 0;
csg2k2 cos h2A2 þ csg3k3 cos h3A3 þ c0g02k02 cos h02A02 þ c0g03k03 cos h03A03 ¼ 0;
sin h0k1A0 þ sin h1k1A1 
X
2;3
ðki cos hiAi þ k0i cos h0iA0iÞ  sin h01k01A1 ¼ 0;
cos h0k1  k1 cos h1A1 
X
2;3
ðki sin hiAi  k0i sin h0iA0iÞ  k01 cos h01A01 ¼ 0;
g2A2 þ g3A3  g02A02  g03A03 ¼ 0:These equations are same as Tomar and Gogna (1995b) after converting the angle of incidence to angle of
emergence.
(III) To obtain the dispersion relation of Stoneley waves at the viscous ﬂuid/elastic solid interface, we shall
neglect the parameters corresponding to micropolarity in both the half-spaces. Thus, on neglecting the quan-
tities Kr, ar, br, cr and jr, Eq. (24) becomes
236 D. Singh, S.K. Tomar / International Journal of Solids and Structures 45 (2008) 225–244k2ð2ls  qsc2Þ 2ıklsQs ık2cð2klf  ıqfcÞ 2ck2lfQf
2ıkSsls lsðk2 þ Qs2Þ 2ck2Sflf ılfkcðk2 þ Qf2Þ
ık Qs ık Qf
Ss ık Sf ık


¼ 0; ð25Þwhere ðSsÞ2 ¼ k2  qsx2ksþ2ls, ðSfÞ2 ¼ k2  ıq
fx
kfþ2lf , ðQsÞ
2 ¼ k2  qsx2ls and ðQfÞ2 ¼ k2  ıq
fx
lf . Further, if we neglect the
ﬂuid viscosity lf and taking the bulk modulus in the inviscid liquid as k0 ¼ ıxkf in the above equation, then
the above frequency equation for Stoneley wave matches with the frequency equation of Stoneley wave at
inviscid liquid/elastic solid interface given in Ewing et al. (1957).8. Numerical results and discussion
For numerical computations, we take the following values of the relevant parameters for both the
half-spaces. For micropolar elastic solid – M1 (Polyurethane closed cell foam) (see Hsia and Cheng,
2006): ks = 2.09730 · 1010 dyne/cm2, ls = 0.91822 · 1010 dyne/cm2, Ks = 0.22956 · 1010 dyne/cm2, as =
0.0000291 · 1010 dyne, bs = 0.000045 · 1010 dyne, cs = 0.0000423 · 1010 dyne, js = 0.037 cm2, qs = 0.0034
g/cm3. For micropolar viscous ﬂuid medium – M2: k
f = 1.5 · 1010 dyne s/cm2, lf = 0.3 · 1010 dyne s/cm2,
Kf = 0.00223 · 1010 dyne s/cm2, af = 0.00111 · 1010 dyne s, bf = 0.0022 · 1010 dyne s, cf = 0.000222 ·
1010 dyne s, jf = 0.0400 cm2, qf = 0.8 g/cm3 and x/x0 = 100. The system of equations given in (18) and (19)
are solved by Gauss elimination method. The values of the amplitude and energy ratios have been computed
at diﬀerent angles of incidence.
Fig. 1 shows the variation of the modulus of amplitude ratios of various reﬂected and refracted waves with
the angle of incidence (h0), when a plane longitudinal wave propagating with velocity Vs1 is made incident
from the micropolar elastic half-space. It is found that the variation of the modulus of these amplitude ratios
is diﬀerent for diﬀerent values of h0. It can be noticed from Fig. 1 that the reﬂection coeﬃcient Z1 decreases
monotonically from the value 1 to the value 0.0066 at h0 = 62 angle of incidence and then it starts increasing0 10 20 30 40 50 60 70 80 90
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Fig. 1. Incidence of longitudinal wave with velocity Vs1 – variation of reﬂection and transmission coeﬃcients.
D. Singh, S.K. Tomar / International Journal of Solids and Structures 45 (2008) 225–244 237attaining its maximum value of equal to 1 at 90 angle of incidence. The amplitude ratio Z2 increases mono-
tonically from the value 0 at 0 angle of incidence, to the value 0.5760 at 49 angle of incidence and thereafter,
it starts decreasing and decreases to the value zero at 90 angle of incidence. All the other amplitude ratios
namely Z3, Z
0
1; Z
0
2 and Z
0
3 are found to be very small in magnitude and hence they have been depicted after
multiplying their original values with the factors 107, 102, 102 and 103 respectively. The reason of the ampli-
tude ratios Z 01, Z
0
2 and Z
0
3 being too small is due to big contrast in the densities of ﬂuid and solid half-spaces. It
has been found that if we increase the density of the micropolar solid half-space to a certain extent then these
amplitude ratios increase signiﬁcantly at each angle of incidence. However, the amplitude ratio Z3 does not
increase signiﬁcantly. The amplitude ratios Z2, Z3, Z
0
2 and Z
0
3 have almost similar behavior with h0. Note that
at grazing incidence, no reﬂected or refracted waves appear, except the reﬂected wave corresponding to the
amplitude ratio Z1. At normal incidence, only the reﬂected and refracted longitudinal displacement waves
are found to appear.
When the longitudinal wave with velocity Vs1 is made incident, the variations of the real part of the energy
ratios of various reﬂected and refracted waves with respect to the angle of incidence is depicted through Fig. 2.
We see that at normal incidence, the value of the energy ration E1 is 1. It starts increasing with increase in
angle of incidence and reaches its maximum value zero at 62 angle of incidence, thereafter, it starts decreasing
and goes to the value 1 at 90 angle of incidence. Curve II depicts the energy ratio of the reﬂected coupled
wave with velocity Vs2, which is zero at zero degree of incidence and it decreases to the value 1 at 62 angle of
incidence, and after this it starts increasing and increases to the value zero at 90 angle of incidence. Since the
values of the amplitude ratios Z3; Z 01; Z
0
2 and Z
0
3 were found to very small, therefore, the corresponding energy
ratios E3;E01;E
0
2 and E
0
3 are also very very small and these have been shown after multiplying their original
values by the factors 106, 102, 102 and 102, respectively.
Fig. 3 depicts the variation of imaginary parts of the energy ratios of various reﬂected and transmitted
waves with the angle of incidence. The imaginary parts of E3;E01;E
0
2 and E
0
3 are drawn after multiplying their
original values by the factors 108, 102, 102 and 102, respectively. The sum of these imaginary parts of all the
energy ratios is equal to zero as was predicted in law of conservation of energy (see Ainslie and Burns, 1995).
In fact, what we have found is that the algebraic sum of the real parts of energy ratios is equal to unity and the0 10 20 30 40 50 60 70 80 90
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Fig. 2. Incidence of longitudinal wave with velocity Vs1 – variation of real part of energy ratios.
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Fig. 3. Incidence of longitudinal wave with velocity Vs1 – variation of imaginary part of energy ratios.
238 D. Singh, S.K. Tomar / International Journal of Solids and Structures 45 (2008) 225–244algebraic sum of the imaginary parts of the energy ratios vanish. Thus, the sum of the energy ratios of all the
reﬂected and transmitted waves comes out to be unity.
Fig. 4 depicts the variation of the modulus of the amplitude ratios of various reﬂected and refracted waves
with the angle of incidence (h00), when a longitudinal wave propagating with velocity Vf1 is made incident from0 10 20 30 40 50 60 70 80 90
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Fig. 4. Incidence of longitudinal wave with velocity Vf1 – variation of reﬂection and transmission coeﬃcients.
D. Singh, S.K. Tomar / International Journal of Solids and Structures 45 (2008) 225–244 239the micropolar ﬂuid half-space. The values of the amplitude ratio R1 decreases from a certain value 0.6598 at
10 angle of incidence and it decreases with h00 approaches to the value zero as h
0
0 ! 900, while the values of
the amplitude ratio R01 has value 0.9979 near normal incidence and then it decreases with h
0
0, achieving its min-
imum value equal to 0.8362 at 59 angle of incidence. Thereafter, it increases to its maximum value equal to 1
at 90 angle of incidence. All the other amplitude ratios are found to behave alike with h00, but with diﬀerently.
Note that at grazing incidence, no reﬂected or refracted wave found to appear, except the reﬂected longitudi-
nal displacement wave corresponding to the amplitude ratio R01. The amplitude ratios R3 and R
0
3 are found to
be very very small in comparison to the other amplitudes ratios. Hence, they have been shown on the graph
after multiplying their original values by the factors 108 and 102, respectively.
Fig. 5 depicts the variation of the real parts of the energy ratios of various reﬂected and transmitted waves
with the angle of incidence h00. Since the numerical values of the energy ratios E1, E2, E3 and E
0
3 are found to be
very small in magnitude, therefore, we have depicted them after multiplied their original values by the factors
102, 103, 109, and 102, respectively. Curve IV depicts the energy ratio of reﬂected longitudinal displacement
wave propagating with velocity Vf1. It is seen that its value equal to 1 at 0 angle of incidence, increases
to the value 0.6992 at 59 angle of incidence and after this, it decreases to the value zero at 90 angle of inci-
dence. Curve V depicts the variation of real part of energy ratio of reﬂected coupled wave with velocity Vf2. It
starts from the value zero and decreases to the value 0.3285 at 57 of incidence and it again increases to the
value 1 at 90 of incidence. We see that the energy carried by the reﬂected longitudinal displacement wave with
velocity Vf1 and by the reﬂected coupled wave with velocity Vf2 are dominant.
Fig. 6 shows the variation of the imaginary parts of energy ratios with the angle of incidence, when a lon-
gitudinal wave with velocity Vf1 is made incident. Since all the values of imaginary parts of energy ratios are
very small in magnitude, therefore, they have been drawn after multiplying their original values by the factors
102, 104, 1010, 102, 103 and 104, respectively. The algebraic sum of the imaginary parts of energy ratios is found
to be equal to zero, while the algebraic sum of the real parts of these energy ratios is found to be equal to unity
in magnitude. This verify the energy balance law at the interface.
Figs. 7 and 8 depict the variation of the real and imaginary parts of the velocities of waves in micropolar
ﬂuid with respect to the non-dimensional frequency (x/x0). It is clear from Fig. 7 that the velocity Vf1 of0 10 20 30 40 50 60 70 80 90
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Fig. 5. Incidence of longitudinal wave with velocity Vf1 – variation of real part of energy ratios.
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Re(Vf1) > Re(Vf2) > Re(Vf4) > Re(Vf3). Fig. 8 shows that all the imaginary parts of the velocities decrease with0 1 2 3 4
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Fig. 7. Real part of phase velocities of micropolar ﬂuid versus frequency ratio (x/x0).
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Fig. 8. Imaginary part of phase velocities of micropolar ﬂuid versus frequency ratio (x/x0).
D. Singh, S.K. Tomar / International Journal of Solids and Structures 45 (2008) 225–244 241non-dimensional frequency, but diﬀerently. It can be concluded that longitudinal displacement wave is more
attenuated than the other waves and the amount of attenuation increase with increase of the frequency.0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5
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Fig. 9. Comparison of real parts of Stoneley wave velocity.
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242 D. Singh, S.K. Tomar / International Journal of Solids and Structures 45 (2008) 225–244For a given real value of non-dimensional wavenumber, the value of non-dimensional phase velocity of
Stoneley waves is computed from the determinantal Eq. (24). The value of the non-dimensional phase velocity
of Stoneley waves is found to be complex, whose imaginary part corresponds to the measures of the attenu-
ation of Stoneley waves. Fig. 9 depicts the variation of the real part of the phase velocity of Stoneley waves for
diﬀerent models. Curves I, II and III, respectively, correspond to the dispersion curves at micropolar ﬂuid/
micropolar solid, non-polar viscous ﬂuid/elastic solid and inviscid ﬂuid/elastic solid interface. The eﬀect of
micropolarity and viscosity can be clearly noticed on the dispersion curve. We notice that the viscosity of
the ﬂuid is responsible to enhance the real part of the phase velocity of Stoneley waves. This is further
enhanced due to the micropolar properties of the half-spaces. Fig. 10 shows the corresponding variations
in the imaginary parts of the phase velocity of Stoneley waves in the models considered. It can be seen from
these ﬁgures that the Stoneley waves at inviscid liquid/elastic solid interface are attenuated but non-dispersive
for the considered model, while at viscous ﬂuid/elastic solid and micropolar ﬂuid/micropolar solid interfaces,
the Stoneley waves are attenuated and dispersive also.Acknowledgements
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Using Snell’s law, Eqs. (5)–(9) and (14)–(16) into the boundary conditions given in Eq. (17) and assuming
that all frequencies are equal at the interface z = 0, we obtain six homogeneous equations as
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